UCSB Econ Ph.D. Math Camp - Analysis Summer 2025

Problem Set 3 - Analysis - Solutions'

Question 1 Let X be a random variable with E[X]| = 0. Show that E[X?] > 0 if X takes
more than one value with positive probability.
(Hint: Use Jensen’s inequality.)

Let X be a random variable with E[X]| = 0.
Let us define g(z) = 2. Since g(z) is a convex function, by Jensen’s inequality:
Elg(X)] > g(E[X])
E[X?] > (E[X])*
E[X? >0
If X takes more than one value with positive probability, then E[X?] # 0. Therefore,

E[X?] >0

Question 2 Consider the following expression for the reservation wage wg:

Use integration by parts to show that this expression can be rewritten as:

wR—b—i—m/le—

where F'(w) is the (cumulative) distribution of wages, with support (w, w).
(Hint: consider how the CDF behaves at the boundaries of its support.)

Let us consider the integral in the expression:

U)R_b—Fl_ﬁ/ W — WR dF()
wr

nstructors: Camilo Abbate and Soffa Olguin
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Let us define:
H(z)=(w—wg) h(x)=1
g(x)de =dF(w)  G(z) =F(w) g(z) = f(w)

Thus, applying integration by parts:

/ " (w = wr) dF(w) = (@ — wg) F() — (wp — wr) F (wg) — / " Plw)dw

WR

Therefore,

Question 3 Consider the following constrained utility maximization problem:

max aln(xy) + fIn(zy)  subject to  m > p1xy + pexe, x1 >0, 25 >0

1,72

where o > 0, >0, m >0, p; >0 and py > 0.

(a) Find the demand functions (or correspondences) x7(p1, p2, w) and x5 (p1, p2, w), assum-
ing the budget constraint binds.

max «ln(zq) 4+ fln(xe) st pixy+pexe =m
x120, 220

Let us write the Lagrangian:

L (1,29, \) = aln (21) + I (22) + X [m — p1a1 — pos)
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oL
ﬁzm—plxl—p2x2202>m:p1$1 +p2x2 (3)
From (1) and (2):
gﬂ:ﬂ = .ngézﬂxl
B b2 QP2

Plugging into (3):

=13

B p1 " o
m=pixy +po——2x = T y D2, M) =
P11 p2ap2 1 1 (P1,p2,m) a+p

Using this result in the expression for xo: x5 (p1, pa, m) = (%) pﬂg

(b) Find the demand functions (or correspondences) using the Karush-Kuhn-Tucker con-
ditions.

max  «aln(xzy) + Bln(xe) st pizg+ perg <m

2120, 220

Since In(t) requires z1,z5 > 0 then the complementary slackness conditions would
require g1 = 0 and po = 0. Thus, we only need to consider the budget constraint.
Let us write the Lagrangian:

L (561,1'2,)\) = aln (5171) + 1In (372) + A [m — P17 —p2372]

KKT conditions:

oL «

=D =0
8x1 X1 b1

oL

=2 py=0
@xg ) P2

oL

a:m—pﬁm—pﬂz > 0= m = p1xy + pao

A>0, and A[m —pix; — parxs] =0
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Case 1: g—f =0
Then m = pyx1 + paxs, and it is the case solved in a).

Case 2: % >0
Then A = 0 = From 8—‘:1 : & = 0 which is not possible since a > 0 and z; > 0.

ox 1

Therefore, the only solution is the interior solution found in a).

(c) Verify that the demand functions solve the maximization problem. (You may refer to
the theorems discussed in class.)

Since the utility function is differentiable and concave for x > 0 and the budget con-
straint is convex, z7, x5 solves the maximization problem, by the Kuhn-Tucker suffi-
ciency theorem.

(d) Find the indirect utility function v(py, p2, m) = aln(z}) + 5 ln(z}).

v(p1, p2, m) = aln(ay) + Fn(z3)

—on((25)2) e ((525) )

= aln (ﬁ) +Bln (&’%ﬁ) + (o + B)In(m) — aln(p) — Bln(ps)

Question 4 Consider the following constrained expenditure minimization problem:

Irlnihn p1hi + pehe  subject to  aln(hy) + Sln(hy) >u, hy >0, hy >0
1,12

where o > 0, 5 >0, u > 0, p; > 0 and py > 0.

(a) Find the demand functions (or correspondences) hi(p1, p2,w) and hS(p1, p2, u).

hlzlg,ngzzo prhi + p2he  subject to  aln(hy) + Sln(he) > u

Let us write the Lagrangian:

L ('Ila To, 1) = —prhy — paho + p [04 ln(hl) + ﬁln(hz) - U]
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KKT conditions:

OL a0 o el ()
oL 1 1

o — =0 = Bu— (2

o, p2+-6uh2 = Do 6uh2 (2)
L

glu = aln(hl) + ﬂln(hg) — U > 0

>0 and  plaln(hy) + Bln(he) —u]l =0
From (1) and (2):

po_ahs o Bpy

P2 B a P2

Case 1: > 0

In this case, the constraint is not binding, so the multiplier g must be zero. Substi-
tuting 1 = 0 into equation (1) yields p; = a,uh—ll = 0, which is not possible given the
assumptions of the problem.

Case 2: g—L =0

m
By this condition:

aln(hy) + Bln(hy) = u

Plugging in (3):

ammg+51(ﬁ%m):

ammg+5m<é@

ap2

)+5mmg:u
(a+ﬁﬂmm)_u_5m<ﬁm)

QP2
-
htl)é-i-ﬁ — ¥ (é&)
a P2

hi(p1, pa, u) = exp{aiﬁ} : (g) e (i_;) +8
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Plugging this result into (3):

- __B
h* o 5171 u ﬁ a+p P1 atB
5(P1, P2, u) —ap—zexp Ay 3 . p_2

el () ()
P a+p Q D2

(b) Find the expenditure function e(py, pa, u) = p1hf + pohi.

e(p1,p2,u) = pr1hi + pahs;

_ u p “at D1 ~ai U AGL

‘pleXp{—aw}'(a) (;) +Pzexp{a+ﬁ}(a> |
o B _ﬁ P

“en{s e |(2) 7 ()7

(c) Verify the duality property:

x*(plup% €(p1;p2au)) = h*(pbpmu) and h*(p17p27U(P17P27m)) = x*(pl,]?z,m)-

using the demands 7, 3, and indirect utility function v derived in Question 3.

First, consider the demand function x(py, ps, m), evaluated at m = e(py, pa, u):

o ) e(p1, p2, )

x*(p17p276<p17p27u>> - (a+6 P

o

__B_ -
- (ai6> pilexp{aiﬁ}pﬁﬁp;iﬁ' [(9 T (g)]
u Y (p) T (B) T _a g
—en {5 () T (R) T ()
B\ "#E  [p\ P
el (@) ()

- hT(])lvav U)

Q
+

N

Q

This verifies the first equality.
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Similarly, evaluating the demand function hj(py, ps, u) at u = v(p1, p2, m):

__B_ B
ol )

a B

| (p_;)ﬁﬁ ((aiﬁ) z%) <(af6> ]%)5
)

- IT (p17p27 m)

This confirms the second equality.

The duality property can be fully confirmed by applying the same procedure to the
demand functions for good 2.

Question 5 Suppose the motion of capital, k, satisfies the differential equation:

k= 0.03k +0.01

(a) Find the general solution (k(t)) to this ODE.
Applying the solution for Form 2:

k(t) = a €03 ~ 001
0.03

o0-03t _ 1

3

where a is a constant.

(b) Let £(0) = 100. Find the particular solution (k(t)) to this ODE.

1 1
k() =a— 3 = a =100 + 3 (using k(0) = 100)
Replacing the constant:
1 1
k(t) = ( 100 00—~
0= (100 3 ) 2o -3
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Question 6 Assume the capital-output ratio x(t) = k(t)/y(t) evolves according to:

(t) =s1(1 —a) — (0 +n)(1 — a)z(t)

(a) Find the general solution (x(t)) to this ODE.
Let us rewrite the ODE:

dx(t) B
I +(0+n)(1—a)x(t) =s5(1—a)
r(t)dx(t) +7(t)(0+n)(1 —a)x(t) =r(t)s1(1 — a) (using an integrating factor r(t))

d B Ly dr(t)
Ea:(t)r(t) =r(t)s;(1 —«) (wi e r(t)(0+n)(1 —a))

0= [ e
-/

) = e~ (O+n)(1-a)t 51 (64+n)(1—a)t
z(t)=e —(5—|—n)€ +a

v)s1(1 — a)dv (integrating both sides)

I(t (0+n)(1—a)t __ (6+n)(1— a)v 1 . O_/)dl) (USng T(t) _ 6(6+n)(1—a)t)

S1

z(t) = q e Orm=a)t 4
(t) (6 +n)

where a is a constant.

(b) Let x(0) = 5%%.. Find the particular solution (x(t)) to this ODE.

z(0) =a 1)
a=xz(0)— )
" (0+n)

Thus, the particular solution is:

_ 50751 _(54n)(1-a)t 51
A
0= G TG



